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Abstrat
We ompute by a dierent method the generating series in Shimura's onjeture for
Sp3, proved by Andrianov in 1967. We develop formulas for the Satake spherial maps
for Sp
n
and Gln.
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1 A formula for the generating series of Heke operators
of Sp3
A lassial method to produe L-funtions for an algebrai groupG overQ uses the generating
series
∞∑
n=1
λf (n)n
−s =
∏
p primes
∞∑
δ=0
λf (p
δ)p−δs,
of the eigenvalues of Heke operators on an automorphi form f on G. We study the gen-
erating series of Heke operators T(n) for the sympleti group Spg, when g = 3, and
λf (n) = λf (T(n)).
Let Γ = Spg(Z) ⊂ SL2g(Z) be the Siegel modular group of genus g, and [p]g = pI2g =
T(p, · · · , p︸ ︷︷ ︸
2g
) be the salar Heke operator for Spg. Aording to Heke and Shimura,
Dp(X) =
∞∑
δ=0
T(pδ)Xδ
=


1
1−T(p)X + p[p]1X2
, if g = 1
(see [Heke℄, and [Shi71℄, Theorem 3.21),
1− p2[p]2X
2
1−T(p)X + {pT1(p2) + p(p2 + 1)[p]2}X2 − p3[p]2T(p)X3 + p6[p]22X
4
if g = 2 (see [Sh℄, Theorem 2),
where T(p), Ti(p
2) (i = 1, · · · , g) are the g + 1 generators of the orresponding Heke ring
over Z for the sympleti group Spg, in partiular, Tg(p
2) = [p]g.
The ase g = 3 was treated for the rst time by Andrianov in [An67℄. In the present paper
we nd a dierent method to ompute the polynomials E(X) and F (X) in X of degree 6
and 8 suh that Dp(X) = E(X)/F (X), through the generators T(p),T1(p
2),T2(p
2), [p]3 of
the Heke ring (Theorems 1.1 and 2.1). Atually this series was omputed for g = 3 by hand
in Andrianov's original paper [An67℄ using the multipliation rules for Heke operators. Our
omputation works also for higher genus (see [VaSp4℄).
The expliit knowledge of the sum of the generating series of Heke operators
Dp(X) =
∞∑
δ=0
T(pδ)Xδ = E(X)/F (X)
gives a relation between the Heke eigenvalues and the Fourier oeients of a Heke eigen-
form f . This link is needed for onstruting an analyti ontinuation of L-funtion on Spg,
whih was done by A.N.Andrianov in the ase g = 2, see [An74℄. An approah for onstrut-
ing an analyti ontinuation of the spinor L-funtion on Sp3 was indiated at the talk of the
rst author, see [PaGRFA℄.
Our result is based on the use of the Satake spherial map Ω (see Setion 3 for details).
We obtain the following formula for the polynomial P (X) = Ω(E(X)):
P (X) = P3(x0, x1, x2, x3, X) =
= 1−
(
sym2,1,1
p
+
(p2 + p+ 1) sym1,1,1
p2
+
sym1,1,0
p
)
x20X
2
+
p+ 1
p2
(sym2,2,2 + sym2,2,1 + sym2,1,1 + sym1,1,1) x
3
0X
3
−
(
sym3,2,2
p2
+
(p2 + p+ 1) sym2,2,2
p3
+
sym2,2,1
p2
)
x40X
4
+
sym3,3,3
p3
x60X
6 .
(1)
(see also [PaVa℄). The ase g = 4 was treated by K.Vankov in [VaSp4℄.
In this formula the notation symi1,i2,i3 represents the symmetri polynomial of three
variables x1, x2 and x3 onstruted in the following way:
symi1,i2,i3 =
∑
σ∈Sn/ Stab(x
i1
1
x
i2
2
x
i3
3
)
σ(xi11 x
i2
2 x
i3
3 ),
2
where the summation of permuted monomials xi11 x
i2
2 x
i3
3 is normalized using the stabilizer
Stab(xi11 x
i2
2 x
i3
3 ) so that all oeients are equal to 1 and i1 ≥ i2 ≥ i3 ≥ 0. The total degree
of the polynomial is i1 + i2 + i3. Here Sn = S3 is the symmetri group that ats naturally
on polynomials in n variables, where n = 3 in our ase. For example
sym0,0,0 = 1
sym1,0,0 = x1 + x2 + x3
sym1,1,0 = x1x2 + x1x3 + x2x3
sym1,1,1 = x1x2x3
sym4,3,2 = x
4
1x
3
2x
2
3 + x
4
1x
2
2x
3
3 + x
3
1x
4
2x
2
3 + x
3
1x
2
2x
4
3 + x
2
1x
4
2x
3
3 + x
2
1x
3
2x
4
3 .
Many omputations presented in this artile were performed using Maple 9.50 (IBM IN-
TEL NT). Symmetri polynomials symi1i2i3 (up to total degree 9) were omputed using the
oeient of t of the generating funtion∏
σ∈S3
(1 + txi1σ(1)x
i2
σ(2)x
i3
σ(3)) = (1 + tx
i1
1 x
i2
2 x
i3
3 )(1 + tx
i1
1 x
i3
2 x
i2
3 )
× (1 + txi21 x
i1
2 x
i3
3 )(1 + tx
i2
1 x
i3
2 x
i1
3 )(1 + tx
i3
1 x
i1
2 x
i2
3 )(1 + tx
i3
1 x
i2
2 x
i1
3 ) ,
where i1 = 0, . . . , 6, i2 = 0, . . . , i1 and i3 = 0, . . . , i2. Then it is normalized by dividing out
its leading oeient.
Let us state our result diretly in terms of the Heke operators for the sympleti group
Spn, dened at p. 142 of [An87℄. Consider the group of positive sympleti similitudes
S = Sn = GSp+n (Q) = {M ∈ M2n(Q) |
tMJnM = µ(M)Jn, µ(M) > 0} , (2)
where Jn =
(
0n In
−In 0n
)
.
For the Siegel modular group Γ = Spn(Z) onsider the double osets
(M) = ΓMΓ ⊂ S, (3)
and the Heke operators
T(a) =
∑
M∈SDn(a)
(M), (4)
where M runs through the following integral matries
SDn(a) = {diag(d1, · · · , dn; e1, · · · , en) | di|di+1, dn|en, ei+1|ei, diei = a}. (5)
Let us use the notation
T(d1, · · · , dn; e1, · · · , en) = (diag(d1, · · · , dn; e1, · · · , en)). (6)
In partiular we have the operators (see p. 149 of [An87℄):
T(p) = T(1, · · · , 1︸ ︷︷ ︸
n
, p, · · · , p︸ ︷︷ ︸
n
), (7)
Ti(p
2) = T(1, · · · , 1︸ ︷︷ ︸
n−i
, p, · · · , p︸ ︷︷ ︸
i
, p2, · · · , p2︸ ︷︷ ︸
n−i
, p, · · · , p︸ ︷︷ ︸
i
), for i = 1, 2, · · · , n. (8)
3
Then their images by the spherial map Ω are given at p.159 of [An87℄:
Ω(T(p)) = x0
n∏
i=0
(1 + xi) =
n∑
j=0
x0sj(x1, x2, · · · , xn), (9)
Ω(Ti(p
2)) =
∑
a+b≤n,a≥i
pb(a+b+1)smp(a− i, a)x
2
0ω(pia,b). (10)
Here
si(x1, . . . , xn) =
∑
1≤α1<···<αi≤n
xα1 · · ·xαi
is the ith elementary symmetri polynomial (dierent then previously dened
symi1,i2,i3), pia,b =



 In−a−b pIa
p2Ib




is a Heke operator for GLn, and the oef-
ient smp(r, a) denotes the number of symmetri matries of rank r and order a over the
eld Fp. This oeient is evaluated at p.205 of [An87℄:
smp(r, a) = smp(r, r)
φa(p)
φr(p)φa−r(p)
, (11)
with φr(x) = (x− 1)(x
2 − 1)·. . .·(xr − 1) for r ≥ 1, and φ0(x) = 1.
In partiular, we have in the ase n = 3 that
Ω(T(p)) = x0 (1 + sym1, 0, 0 + sym1, 1, 0 + sym1, 1, 1) ,
Ω(T1(p
2)) =
x 20 (p
2 − 1)
p3
(
sym2, 1, 1 + sym1, 1, 0
)
(12)
+
x 20
p
(
sym2, 2, 1 + sym2, 1, 0 + sym1, 0, 0
)
+
x 20 (p− 1)(3p
2 + 2p+ 1)
p4
sym1, 1, 1 ,
Ω(T2(p
2)) = p0smp(0, 2)x
2
0ω(pi2,0) + p
4smp(0, 2)x
2
0ω(pi2,1)
+ p0smp(1, 3)x
2
0ω(pi3,0)
= x20ω(t(1, p, p)) + p
4x20ω(t(p, p, p
2)) + smp(1, 3)x
2
0ω(t(p, p, p))
=
x 20
p3
(
sym1, 1, 0 + sym2, 1, 1
)
+
x 20 (p− 1)(p
2 + p+ 1)
p6
sym1, 1, 1 ,
Ω(T3(p
2)) = Ω([p]3) = p
0smp(0, 3)x
2
0ω(pi3,0) =
x20x1x2x3
p6
=
x 20
p6
sym1,1,1 ,
beause of the equality (11) with a = 3, r = 1 implying smp(1, 3) = (p− 1)(p
2 + p+ 1).
Consider the polynomial Q3(X) dening the spinor zeta funtion Z(s) of genus three:
Q3(X) = Q3(x0, x1, x2, x3, X)
= (1− x0X)(1− x0x1X)(1− x0x2X)(1− x0x3X) (13)
× (1− x0x1x2X)(1− x0x1x3X)(1− x0x2x3X)(1− x0x1x2x3X).
4
Following the proof at p.159 of [An87℄, there exist Heke operators
qj ∈ Q[T(p),T1(p
2), · · · ,Tn(p
2)] suh that
2n∑
j=0
Ω(qj)X
j = Qn(X) (14)
= (1− x0X)(1− x0x1X)(1− x0x2X)·. . .·(1− x0x1x2·. . .·xnX).
Let us onsider the series D(X) =
∑∞
δ=0 T(p
δ)Xδ ∈ LZ[[X ]] and the polynomial F (X) =∑2n
j=0 qjX
j
over the Heke ring LZ.
It was established by A.N.Andrianov, that there exist polynomials
E(X) ∈ Q[T(p),T1(p
2), · · · ,Tn(p
2), X ] suh that
D(X) =
∞∑
δ=0
T(pδ)Xδ =
E(X)
F (X)
, (15)
with the above polynomial F (X) =
∑2n
j=0 qjX
j
of degree 2n, and suh that E(X) =
2n−2∑
j=0
ujX
j
is a polynomial of degree 2n − 2 with the leading term
(−1)n−1pn(n+1)2
n−2−n2 [p]2
n−1−1X2
n−2
(as stated in Theorem 6 at p. 451 of [An70℄ and at p.61 of 1.3, [An74℄). In the following
theorem we denote by [p]n = (pI2n) = Tn(p
2) the element (3.4.48) in [An70℄), so that
Ω([p]n) = p
−n(n+1)/2x20x1·. . .·xn.
Theorem 1.1 (see also [An67℄) If n = 3, there is the following expliit polynomial pre-
sentation:
D(X) =
∞∑
δ=0
T(pδ)Xδ =
E(X)
F (X)
, (16)
where
E(X)
= 1− p2
(
T2(p
2) + (p2 − p+ 1)(p2 + p+ 1)[p]3
)
X2 + (p+ 1)p4T(p)[p]3X
3
(17)
− p7[p]3
(
T2(p
2) + (p2 − p+ 1)(p2 + p+ 1)[p]3
)
X4 + p15[p]33X
6 ∈ LZ[X ].
Remark 1.2 It was pointed out to the rst author by S.Boeherer, that diulties in the
problem of analyti ontinuation of the spinor L-funtion of genus 3 ould ome from the
polynomial E(X). Indeed, this is learly indiated by Kurokawa's paper [Ku88℄, Theorem 2
in the ase of the Siegel-Eisenstein series of genus 3. A similar polynomial is disussed in
the paper of Maass [Maa76℄ using densities.
Remark 1.3 It seems that the polynomial E(X) does not depend on T1(p
2) in general. Also,
we onjeture that the oeients of E(X) at X and at X2
n−3
are always equal to zero.
Proof of Theorem 1.1 is ompleted in Setion 3.
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2 Expliit form of Shimura's onjeture for Sp3
We derive a dierent method to ompute the generating series in Shimura's onjeture for
Sp3 rst omputed by A.N.Andrianov in [An67℄ (see also [An68℄ and [An69℄). Shimura's
onjeture was stated in [Sh℄, at p.825 as follows:
In general, it is plausible that Dp(X) = E(X)/F (X) with polynomials E(X)
and F (X) in X with integral oeients of degree 2n − 2 and 2n, respetively
(i.e. with oeients in LZ = Z[T(p),T1(p
2), · · · ,Tn(p
2)]).
Theorem 2.1 (see also [An67℄) If n = 3, one has the following expliit polynomial pre-
sentation:
D(X) =
∞∑
δ=0
T(pδ)Xδ =
E(X)
F (X)
, (18)
where E(X) is given by (17), and
F (X) = 1−T(p)X (19)
+ p
(
T1(p
2) + (p2 + 1)T2(p
2) + (p2 + 1)2[p]3
)
X2
− p3T(p)
(
T2(p
2) + [p]3
)
X3
+ p6
(
− 2 pT1(p
2) [p]3 + T2(p
2)− 2(p− 1)T2(p
2) [p]3
− (p2 + 2p− 1)(p2 − p+ 1)(p2 + p+ 1))[p]23 + [p]3 T(p)
2
)
X4
− p9 [p]3 T(p)
(
T2(p
2) + [p]3
)
X5
+ p13 [p]23
(
T1(p
2) + (p2 + 1)T2(p
2) + (1 + p2)2[p]3
)
X6
− p18 [p]33 T(p)X
7 + p24 [p]43X
8 ∈ LZ[X ].
Remark 2.2 (a) In the ase n = 2 Shimura proved ([Sh℄, Theorem 2) that
∞∑
δ=0
T(pδ)Xδ = (1− p2[p]2X
2)×
[1−T(p)X + {pT1(p
2) + p(p2 + 1)[p]2}X
2 − p3[p]2T(p)X
3 + p6[p]22X
4]−1
(b) For the group G = GLn it was proved by T.Tamagawa [Tam℄ that for all n
∞∑
δ=0
t(pδ)Xδ = [
n∑
i=0
(−1)ipi(i−1)/2pii(p)X
i]−1
(see in [Shi71℄, Theorem 3.21).
6
Proof of Theorem 2.1 follows the same lines as that of Theorem 1.1. We ompute an expression
for Ω(F (X)) in terms of symi1,i2,i3 :
Ω(F (X)) = 1− x0 (sym1, 1, 1 + sym1, 1, 0 + sym1, 0, 0 + 1)X
+ x 20 (4 sym1, 1, 1 + sym1, 0, 0 + 2 sym2, 1, 1 + 2 sym1, 1, 0
+ sym2, 1, 0 + sym2, 2, 1)X
2
− x 30 (sym3, 1, 1 + sym1, 1, 0 + 4 sym2, 2, 1 + 4 sym1, 1, 1 + sym2, 1, 0
+ sym2, 2, 0 + 4 sym2, 2, 2 + sym3, 2, 2 + sym3, 2, 1 + 4 sym2, 1, 1)X
3
+ x 40 (sym3, 1, 1 + sym1, 1, 1 + sym3, 3, 1
+ sym4, 2, 2 + 2 sym2, 1, 1 + 4 sym3, 2, 2 + 2 sym3, 2, 1 + sym2, 2, 0 + 8 sym2, 2, 2 (20)
+ 2 sym3, 3, 2 + sym3, 3, 3 + 4 sym2, 2, 1)X
4
− x 50 (sym4, 3, 3 + sym4, 3, 2 + sym2, 2, 1
+ 4 sym2, 2, 2 + 4 sym3, 3, 2 + sym3, 3, 1 + 4 sym3, 2, 2
+ 4 sym3, 3, 3 + sym4, 2, 2 + sym3, 2, 1)X
5
+ x 60 (2 sym3, 3, 2 + sym3, 2, 2 + 2 sym4, 3, 3
+ 4 sym3, 3, 3 + sym4, 3, 2 + sym4, 4, 3)X
6
− x 70 (sym4, 3, 3 + sym3, 3, 3 + sym4, 4, 4 + sym4, 4, 3)X
7 + x 80 sym4, 4, 4X
8.
Then we use the polynomial expressions (12) for the generators of the Heke ring. Using
these generators, we may look for a solution in the following form:
Ω(F (X)) = 1− Ω(T(p))X +
(
KT1p2Ω(T1(p
2)) +KT2p2Ω(T2(p
2)) (21)
+KT3p2Ω([p]3) +KTpTpΩ(T(p))
2
)
X2
+
(
KTpT1p2Ω(T(p)T1(p
2)) +KTpT2p2Ω(T(p)T2(p
2))
+KTpT3p2 Ω(T(p)[p]3) +KTpTpTpΩ(T(p))
3
)
X3
+
(
KT1p2T1p2Ω(T1(p
2))2 +KT1p2T2p2Ω(T1(p
2)T2(p
2))
+KT1p2T3p2 Ω(T1(p
2)[p]3) +KT2p2T2p2Ω(T2(p
2))2
+KT2p2T3p2 Ω(T2(p
2)[p]3) +KT3p2T3p2 Ω([p]
2
3)
+KT1p2TpTp Ω(T1(p
2)T(p)2) +KT2p2TpTpΩ(T2(p
2)T(p)2)
+KT3p2TpTp Ω([p]3T(p)
2) +KTpTpTpTp Ω(T(p))
4
)
X4
+Ω(q5)X
5 +Ω(q6)X
6 +Ω(q7)X
7 + p24Ω([p]3)
4X8.
It is not too diult to resolve the resulting equations in the indeterminate oeients:
KTpT1p2 = 0,KTpTpTp = 0,KTpT2p2 = −p
3,KTpT3p2 = −p
3,KT2p2 = p
3 + p,
KT3p2 = p(1 + p
2)2,KT1p2 = p,KTpTp = 0, KT2p2TpTp = 0,
KT1p2T3p2 = −2p
7,KT2p2T3p2 = −2p
7 + 2p6,KT1p2T1p2 = 0,KT1p2T2p2 = 0,
KT2p2T2p2 = p
6
, KT1p2TpTp = 0,KT3p2TpTp = p
6,KTpTpTpTp = 0,
KT3p2T3p2 = −p
6(p2 + 2p− 1)(p2 − p+ 1)(p2 + p+ 1).
Then we nd the remaining oeients q5, q6, q7 using the funtional equation [An87℄,
p.164 (3.3.79): q8−i = (p
6[p]3)
4−iqi (i = 0, · · · , 8), ompare with formulas in [An67℄ and in
[Evd℄.
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3 An identity involving ω(t(1, pλ2, pλ3))
The theory of Heke rings for the sympleti group is developed in [Sh℄, [An87℄ and [AnZh95℄
(Ch. 3). At page 150 of [AnZh95℄ we have the following identity for the spherial map
Rn(X) =
∞∑
δ=0
Ω(T(pδ))Xδ
=
∞∑
δ=0
∑
0≤δ1≤···≤δn≤δ
pnδ1+(n−1)δ2+···+δnω(t(pδ1 , · · · , pδn))(x0X)
δ .
(22)
This identity for formal generating series of elements of Heke ring allows to redue
omputations in the loal Heke rins of the sympleti group to omputations in polynomial
rings by applying the spherial map Ω to elements T(pδ) = Tn(pδ) ∈ LQ(Γ
n, Sn) of Heke
ring for the sympleti group or spherial map ω to elements t(pδ1 , · · · , pδn) =
∑
j aj(Λgj) ∈
LQ(Λ
n, Gn) of Heke ring for the general linear group. Detailed denition of spherial maps
for Heke elements as well as denitions and a struture of left osets Λgj and Heke pairs
(Γn, Sn) and (Λn, Gn) an be found in [AnZh95℄, hapter 3 paragraphs 2 and 3, see also
[An87℄ hapter 3. For generating elements pii(p) = pi
n
i (p) = (diag(1, . . . , 1, p, . . . , p)) with 1
on the diagonal listed (n− i) times and then p listed i times (1 ≤ i ≤ n) the images elements
under the map ω = ωnp are given by the formulas
ω(pini (p)) = p
−〈i〉si(x1, . . . , xn) (1 ≤ i ≤ n),
where
si(x1, . . . , xn) =
∑
1≤α1<···<αi≤n
xα1 · · ·xαi
is the ith elementary symmetri polynomial. For an arbitrary element t the map is dened
by
ω(t) =
∑
j
ajω((Λgj)) .
Examples of omputation for ases n = 1 and n = 2 are given in [Sh℄, at page 824, and
in the book [AnZh95℄, at page 150:
R1(X) = [(1− x0X)(1− x0x1X)]
−1 , (23)
R2(X) =
1− p−1x20x1x2X
2
(1− x0X)(1− x0x1X)(1− x0x2X)(1− x0x1x2X)
. (24)
Proof of Theorem 1.1. Let us onsider n = 3. Ating analogously to the ase n = 2 let
δ2 = δ1 + δ
′
1
δ3 = δ1 + δ
′
2
δ = δ1 + δ
′
δ′ = δ′2 + β
(25)
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where 0 ≤ δ′1 ≤ δ
′
2 ≤ δ
′
, β ≥ 0. Then
R3(X) =
∞∑
δ=0
∑
0≤δ1≤δ2≤δ3≤δ
p3δ1+2δ2+δ3ω(t(pδ1 , pδ2 , pδ3))(x0X)
δ
=
∑
δ1≥0
∑
β≥0
0≤δ′
1
≤δ′
2
(x0X)
δ1+δ
′
2
+β
(
x1x2x3
p6
)δ1
ω(t(1, pδ
′
1 , pδ
′
2))p3δ1+2(δ1+δ
′
1
)+(δ1+δ
′
2
)
=
∑
δ1≥0
∑
β≥0,0≤δ′
1
≤δ′
2
(x0X)
δ1+δ
′
2
+β
(
x1x2x3
p6
)δ1
p6δ1+2δ
′
1
+δ′
2ω(t(1, pδ
′
1 , pδ
′
2))
=
∑
δ1≥0
∑
β≥0
(x0Xx1x2x3)
δ1(x0X)
β
∑
0≤δ′
1
≤δ′
2
ω(t(1, pδ
′
1 , pδ
′
2))p2δ
′
1
+δ′
2(x0X)
δ′
2
= [(1− x0X)(1− x0x1x2x3X)]
−1
∑
0≤δ′
1
≤δ′
2
ω(t(1, pδ
′
1 , pδ
′
2))p2δ
′
1
+δ′
2(x0X)
δ′
2
= [(1− x0X)(1− x0x1X)(1− x0x2X)(1− x0x3X)(1− x0x1x2X)
× (1− x0x1x3X)(1− x0x2x3X)(1− x0x1x2x3X)]
−1P3(X)
Here P3(X) denotes a polynomial of degree 6 as stated in the Theorem 6 (page 451) of [An70℄.
This rational polynomial presentation is proved in [An69℄ for Heke series and ζ-funtions of
the groups GLn and SPn over loal elds. Further theory and appliations were developed
for genus 2 in the work [An74℄.
It follows that
P3(X) =
∑
0≤δ′
1
≤δ′
2
ω(t(1, pδ
′
1 , pδ
′
2))p2δ
′
1
+δ′
2(x0X)
δ′
2× (26)
× [(1− x0x1X)(1− x0x2X)(1− x0x3X)
(1 − x0x1x2X)(1− x0x1x3X)(1− x0x2x3X)],
and Theorem 1.1 will follow from the expliit omputation of the oeients
ω(t(1, pδ
′
1 , pδ
′
2))
given in the next setion.
4 Images of the Heke operators under the spherial map
The formula for P3 is obtained using the following omputation for the images ω(t(1, p
λ2 , pλ3))
of the Heke operators under the spherial map for the group Λ = GL3(Z). Note that the
notation Ω used in the artile [An70℄ orresponds to ω in our formulas by the substitution of
x1 by x1/p, x2 by x2/p and x3 by x3/p. We used formula (1.7) for Ω at page 432 of [An70℄
and adopted it for ω. In the notations of that artile we have that W is the group Sn = S3,
the set
Σ = {(1,−1, 0), (1, 0,−1), (0, 1,−1)}, q = p, and λ = (0, δ
′
1, δ
′
2).
The expression for the polynomial c(x) from [An70℄ takes the following form
c(x1, x2, x3) =
(x2 − x1/p)(x3 − x1/p)(x3 − x2/p)
(x2 − x1)(x3 − x1)(x3 − x2)
.
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More preisely, let us dene
cλ,µ(x1, x2, x3) = x
λ
2x
µ
3
(x2 − x1/p)(x3 − x1/p)(x3 − x2/p)
(x2 − x1)(x3 − x1)(x3 − x2)
.
Then ω(t(1, pλ, pµ)) = Kλ,µ
∑
σ∈S3
cλ,µ(xσ(1), xσ(2), xσ(3)), where
Kλ,µ =
1
p2λ+µ
×


p3
(p+ 1)(p2 + p+ 1)
, if λ = µ = 0 (in this ase ω(t(1, 1, 1)) = 1),
p
p+ 1
, if λ = 0, µ > 0, or λ = µ > 0,
1, otherwise .
In the ase of n = 3 we have 28 dierent possibilities for ω(t(1, pλ2 , pλ3)), whih we only
need in order to ompute the polynomial P3(X) of degree 6:
1) ω(t(1, 1, 1)) = 1,
2) ω(t(1, 1, p)) =
sym1,0,0
p
,
3) ω(t(1, p, p)) =
sym1,1,0
p3
,
4) ω(t(1, 1, p2)) =
(p− 1) sym1,1,0
p3
+
sym2,0,0
p2
,
5) ω(t(1, p, p2)) =
(2p2 − p− 1) sym1,1,1
p6
+
sym2,1,0
p4
,
6) ω(t(1, p2, p2)) =
(p− 1) sym2,1,1
p7
+
sym2,2,0
p6
,
7) ω(t(1, 1, p3)) =
(p2 − 2 p+ 1) sym1,1,1
p5
+
(p2 − p) sym2,1,0
p5
+
sym3,0,0
p3
,
8) ω(t(1, p, p3)) =
(2 p− 2) sym2,1,1
p6
+
(p− 1) sym2,2,0
p6
+
sym3,1,0
p5
,
9) ω(t(1, p2, p3)) =
(2 p− 2) sym2,2,1
p8
+
(p− 1) sym3,1,1
p8
+
sym3,2,0
p7
,
10) ω(t(1, p3, p3)) =
(p2 − 2 p+ 1) sym2,2,2
p11
+
(p2 − p) sym3,2,1
p11
+
sym3,3,0
p9
,
11) ω(t(1, 1, p4)) =
(p2 − 2 p+ 1) sym2,1,1
p6
+
(p2 − p) sym2,2,0
p6
+
(p2 − p) sym3,1,0
p6
+
sym4,0,0
p4
,
12) ω(t(1, p, p4))
=
(2 p2 − 3 p+ 1) sym2,2,1
p8
+
(2 p2 − 2 p) sym3,1,1
p8
+
(p2 − p) sym3,2,0
p8
+
sym4, 1, 0
p6
,
10
13) ω(t(1, p2, p4)) =
(−4 p2 + 3 p3 + 2 p− 1) sym2,2,2
p11
+
(2 p3 − 3 p2 + p) sym3,2,1
p11
+
(p3 − p2) sym3,3,0
p11
+
(p3 − p2) sym4,1,1
p11
+
sym4,2,0
p8
,
14) ω(t(1, p3, p4)) =
(2 p2 − 3 p+ 1) sym3,2,2
p12
+
(2 p2 − 2 p) sym3,3,1
p12
+
(p2 − p) sym4,2,1
p12
+
sym4,3,0
p10
,
15) ω(t(1, p4, p4)) =
(p2 − 2 p+ 1) sym3,3,2
p14
+
(p2 − p) sym4,2,2
p14
+
(p2 − p) sym4,3,1
p14
+
sym4,4,0
p12
,
16) ω(t(1, 1, p5))
=
(p2 − 2 p+ 1) sym2,2,1
p7
+
(p2 − 2 p+ 1) sym3,1,1
p7
+
(p2 − p) sym3,2,0
p7
+
(p2 − p) sym4,1,0
p7
+
sym5,0,0
p5
,
17) ω(t(1, p, p5))
=
(2 p2 − 4 p+ 2) sym2,2,2
p9
+
(2 p2 − 3 p+ 1) sym3,2,1
p9
+
(p2 − p) sym3,3,0
p9
+
(2 p2 − 2 p) sym4,1,1
p9
+
(p2 − p) sym4,2,0
p9
+
sym5,1,0
p7
,
18) ω(t(1, p2, p5))
=
(3 p3 − 5 p2 + 3 p− 1) sym3,2,2
p12
+
(2 p3 − 4 p2 + 2 p) sym3,3,1
p12
+
(2 p3 − 3 p2 + p) sym4,2,1
p12
+
(p3 − p2) sym4,3,0
p12
+
(p3 − p2) sym5,1,1
p12
+
sym5,2,0
p9
,
19) ω(t(1, p3, p5))
=
(3 p3 − 5 p2 + 3 p− 1) sym3,3,2
p14
+
(2 p3 − 4 p2 + 2 p) sym4,2,2
p14
+
(2 p3 − 3 p2 + p) sym4,3,1
p14
+
(p3 − p2) sym4,4,0
p14
+
(p3 − p2) sym5,2,1
p14
+
sym5,3,0
p11
,
20) ω(t(1, p4, p5)) =
(2 p2 − 4 p+ 2) sym3,3,3
p15
+
(2 p2 − 3 p+ 1) sym4,3,2
p15
+
(2 p2 − 2 p) sym4,4,1
p15
+
(p2 − p) sym5,2,2
p15
+
(p2 − p) sym5,3,1
p15
+
sym5,4,0
p13
,
21) ω(t(1, p5, p5))
=
(p2 − 2 p+ 1) sym4,3,3
p17
+
(p2 − 2 p+ 1) sym4,4,2
p17
+
(p2 − p) sym5,3,2
p17
11
+
(p2 − p) sym5,4,1
p17
+
sym5,5,0
p15
,
22) ω(t(1, 1, p6))
=
(p2 − 2 p+ 1) sym2,2,2
p8
+
(p2 − 2 p+ 1) sym3,2,1
p8
+
(p2 − p) sym3,3,0
p8
+
(p2 − 2 p+ 1) sym4,1,1
p8
+
(p2 − p) sym4,2,0
p8
+
(p2 − p) sym5,1,0
p8
+
sym6,0,0
p6
,
23) ω(t(1, p, p6)) =
(2 p2 − 4 p+ 2) sym3,2,2
p10
+
(2 p2 − 3 p+ 1) sym3,3,1
p10
+
(2 p2 − 3 p+ 1) sym4,2,1
p10
+
(p2 − p) sym4,3,0
p10
+
(2 p2 − 2 p) sym5,1,1
p10
+
(p2 − p) sym5,2,0
p10
+
sym6,1,0
p8
,
24) ω(t(1, p2, p6))
=
(3 p3 − 6 p2 + 4 p− 1) sym3,3,2
p13
+
(3 p3 − 5 p2 + 3 p− 1) sym4,2,2
p13
+
(2 p3 − 4 p2 + 2 p) sym4,3,1
p13
+
(p3 − p2) sym4,4,0
p13
+
(2 p3 − 3 p2 + p) sym5,2,1
p13
+
(p3 − p2) sym5,3,0
p13
+
(p3 − p2) sym6,1,1
p13
+
sym6,2,0
p10
,
25) ω(t(1, p3, p6)) =
(4 p3 − 7 p2 + 5 p− 2) sym3,3,3
p15
+
(3 p3 − 6 p2 + 4 p− 1) sym4,3,2
p15
+
(2 p3 − 4 p2 + 2 p) sym4,4,1
p15
+
(2 p3 − 4 p2 + 2 p) sym5,2,2
p15
+
(2 p3 − 3 p2 + p) sym5,3,1
p15
+
(p3 − p2) sym5,4,0
p15
+
(p3 − p2) sym6,2,1
p15
+
sym6,3,0
p12
,
26) ω(t(1, p4, p6))
=
(3 p3 − 6 p2 + 4 p− 1) sym4,3,3
p17
+
(3 p3 − 5 p2 + 3 p− 1) sym4,4,2
p17
+
(2 p3 − 4 p2 + 2 p) sym5,3,2
p17
+
(2 p3 − 3 p2 + p) sym5,4,1
p17
+
(p3 − p2) sym5,5,0
p17
+
(p3 − p2) sym6,2,2
p17
+
(p3 − p2) sym6,3,1
p17
+
sym6,4,0
p14
,
27) ω(t(1, p5, p6)) =
(2 p2 − 4 p+ 2) sym4,4,3
p18
+
(2 p2 − 3 p+ 1) sym5,3,3
p18
+
(2 p2 − 3 p+ 1) sym5,4,2
p18
+
(2 p2 − 2 p) sym5,5,1
p18
+
(p2 − p) sym6,3,2
p18
+
(p2 − p) sym6,4,1
p18
+
sym6,5,0
p16
,
28) ω(t(1, p6, p6)) =
(p2 − 2 p+ 1) sym4,4,4
p20
+
(p2 − 2 p+ 1) sym5,4,3
p20
12
+
(p2 − 2 p+ 1) sym5,5,2
p20
+
(p2 − p) sym6,3,3
p20
+
(p2 − p) sym6,4,2
p20
+
(p2 − p) sym6,5,1
p20
+
sym6,6,0
p18
.
Note that Rhodes, J. A. and Shemanske, T. R. developed an alternative method of om-
puting ω(t(pδ1 , . . . , pδn)) in [RhSh℄, based on ounting of ertain left osets in a given double
oset (Theorem 4.3 of [RhSh℄).
5 A speial ase
For some partiular values of the Satake parameters x0, x1, x2, x3, the polynomial P3 an be
onsiderably simplied. For example, let us substitute x0 = 1, x1 = p, x2 = p
2
and x3 = p
3
as in Exerise 3.3.40, p.168 of [An87℄: Pν(X) := P(1, p, p
2, p3, X), where ν denotes the degree
homomorphism ν(x0) = 1, ν(x1) = p, ν(x2) = p
2
, ν(x3) = p
3
. Then the polynomial P takes
the form
Pν(X) = 1−
(
p7 + p8 + p9
p
+ (p2 + p+ 1) p4 +
p3 + p4 + p5
p
)
X2
+
(
(p+ 1) p10 +
(p+ 1) (p9 + p10 + p11)
p2
+
(p+ 1) (p7 + p8 + p9)
p2
+ (p+ 1) p4
)
X3
−
(
p13 + p14 + p15
p2
+ (p2 + p+ 1) p9 +
p9 + p10 + p11
p2
)
X4 + p15X6
= 1− (p8 + p7 + 2 p6 + p5 + 2 p4 + p3 + p2)X2
+ (p11 + 2 p10 + 2 p9 + 3 p8 + 3 p7 + 2 p6 + 2 p5 + p4)X3
− (p13 + p12 + 2 p11 + p10 + 2 p9 + p8 + p7)X4 + p15X6.
This gives the following fatorization:
Pν(X) = (1− p X) (1− p
2X) (1− p3X) (1− p4X)
× (1 + p X + p2X + p3X + p4X + p5X2).
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